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On the Hyper Order of Solutions of Linear
Differential Equations with Entire Coefficients

KARIMA HAMANI AND BENHARRAT BELAIDI

ABSTRACT. In this paper, we investigate higher order homogeneous
linear differential equations with entire coefficients of finite order. We
improve and extend the results due to the second author and Hamouda
by introducing the concept of hyper-order. We also consider nonhomo-
geneous linear differential equations.

1. INTRODUCTION

In this paper, we shall use the fundamental results and the standard nota-
tions of the Nevanlinna value distribution theory of meromorphic functions
(see [13]). In addition, we use the notations o(f) and p (f) to denote respec-
tively the order and the lower order of growth of a meromorphic function
f(2) and A (f) to denote the exponent of convergence of zeros of f(z).

We define the linear measure of aset E C [0, +00) by m(E) = 0+OO xe(t)dt

and the logarithmic measure of a set H C [1,400) by Im(H) = 1+°O XHt(t) dt,
where xr denote the characteristic function of a set F.

Definition 1.1 (|6, 22|). Let f(z) be a meromorphic function. Then the
hyper-order of f (z) is defined by

(11) o9 (f) = hmsupw

00 log r ’

where T (7, f) is the characteristic function of Nevanlinna.

Definition 1.2 ([6]). Let f (z) be a meromorphic function. Then the hyper-
exponent of convergence of distinct zeros of f (z) is defined by

log log N <r, %)
(1.2) A2 (f) = limsup
r——+00 log r

9

where N (r, %) is the counting function of distinct zeros of f (z) in the disc
{z:|z| <r}.
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70 ON THE HYPER ORDER OF SOLUTIONS OF LINEAR DIFFERENTIAL. . .

Let n > 2 be an integer and let Ay (2),...,Ap—1(z) with Ag(z) #Z 0 be
entire functions. It is well-known that if some of the coefficients of the linear
differential equation

(1.3) FO 4 A 1 () Y o A () f + Ag(2) f=0

are transcendental, then (1.3) has at least one solution of infinite order.
Thus a natural question arises: What conditions on Ag (z), ..., An—1 (2) will
guarantee that every solutions f # 0 of (1.3 is of infinite order? For the above
question, there are different results for the second and higher order linear
differential equations (see for example [2 — 4,6,8 — 10,12,14 — 17, 19]).

In [3], the second author and Hamouda have considered equation (1.3)
and proved the following result:

Theorem A (cite3). Let Ag(z),...,An—1(2) with Ag(z) #Z 0 be entire
functions. Suppose that there exist a sequence of complex numbers (zx),ey
with lim z, = 0o and three real numbers o, B and p satisfying 0 < 8 < «

k——+o00
and p > 0 such that
(1.4) | Ao (2k)| = exp{a [z}
and
(15) [A; (20)] < exp{Blatl} (G =1,2,.m—1)

as k — +oo. Then every solution f # 0 of the equation (1.3) has an infinite
order.

For an integer n > 2, we consider the linear differential equation
(1.6)  Ap(2) f™ + Ay (2) FOD 4+ L+ A (2) f + Ao (2) f =0,

where Ag (2),...,An—1(2),An (2) with Ag (2) # 0 and A, (z) # 0 are entire
functions. If A, = 1, it is well-known that all solutions of (1.6) are entire
functions but in the case when A,, is a nonconstant entire function, it follows
that the equation (1.6) can have meromorphic solutions.

Now the question which arises is: how to describe precisely the prop-
erties of growth of solutions of the equation (1.6)7 Recently, L. Z. Yang
[21] has considered equation (1.6) and obtained different results concerning
the growth of its solutions. In [20], J. Xu and Z. Zhang have studied the
equation (1.6) and obtained the following result, but the condition that the
poles of every meromorphic solution of (1.6) must be of uniformly bounded
multiplicity was missing. Here we give the full result:

Theorem B ([20]). Let H be a set of complex numbers satisfying den{|z| :
z € H}> 0, and let Ag(2),...,An—1(2),An (2) with Ag(2) # 0 be entire
functions such that max{o (A;) (j=1,2,...,n)} < 0(Ay) = 0 < +o0,
and for real constants a, B satisfying 0 < 8 < « and for € > 0 sufficiently
small, we have

(1.7) Ao (2)] = exp {a 2|77}
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and

(1.8) |Aj (2)] <exp{B|zI°} (i=1,2,...,n)

as z — oo for z € H. Then every meromorphic solution whose poles are
of uniformly bounded multiplicity (or entire solution) f # 0 of the equation
(1.6) has an infinite order and satisfies o9 (f) = 0.

2. PRELIMINARY LEMMAS

Lemma 2.1 ([11] p. 89). Let f (z) be a transcendental meromorphic func-
tion of finite order o. Let T' = {(k1,7j1), (k2,72) .-+, (km,Jjm)} denote a set
of distinct pairs of integers satisfying k; > j; > 0 (i =1,2,...,m) and let
e > 0 be a given constant. Then there exists a subset Ey C (1,400) that has
finite logarithmic measure such that for all z satisfying |z| = r ¢ E; U0, 1]
and for all (k,j) € I', we have

® (2)
79 (2)

Lemma 2.2 ([11]). Let f (2) be a transcendental meromorphic function. Let
a>1andl = {(ki,71), (k2,72),- -, (km,Jm)} denote a set of distinct pairs
of integers satisfying k; > j; > 0 (i =1,2,...,m). Then there exist a set
E5 C (1,400) having finite logarithmic measure and a constant B > 0 that
depends only on o and T such that for all z satisfying |z| = r ¢ [0,1] U Ey
and all (k,j) € ', we have

f®(2) T(ar, f) . . ki
|f(j)(z) —B[T (log*r)logT(ar, f)| .

Lemma 2.3 ([6]). Let g(z) be an entire function of infinite order with the
hyper-order o2(g) = o < 400 and let vy(r) be the central index of g (z).
Then

(21) < |Z’(k7j)(0'71+5) )

(2.2)

log 1
(23) lim sup 2E1E%(T) _
r——400 log r
Lemma 2.4 ([11]). Let f (z) be a meromorphic function, let j be a positive
integer, and let o > 1 be a real constant. Then there exists a constant R > 0

such that for all v > R, we have
(2.4) T(rf9) <(+2)7T (or,f).

Lemma 2.5 ([7]). Let f(z) = g(2)/d(z), where g(z) is a transcendental
entire function with p(g9) = p(f) = p < o(g) = o(f) < 400, and d(z)
is the canonical product (or polynomial) formed with the non-zero poles of

f(z) with o (d) = X(d) = A (%) = [ < p. Let z be a point with |z| = r at
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which |g (2)] = M (r,g) and vy (1) denote the central index of g. Then the
estimation

FME) ()" o
(2.5) TONE ( . ) (140(1)), (n>1isan integer)

holds for all |z| = r ¢ E3, where E3 is a subset of finite logarithmic measure.

Lemma 2.6 (|7]). Let f(z) = g(2)/d(z), where g(z) is a transcendental
entire function with p(g) = p(f) = p < o(g) = o (f) < 400, and d(z) is
the canonical product (or polynomial) formed with the non-zero poles of f (z)
with o (d) = A (d) = A (%) = 3 < p. Then there exists a set B4 C (1,400)

that has finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1]U E4 and |g (z)| = M (r,g), we have

(2.6) < 7% (s> 1 is an integer).

76)

Lemma 2.7 ([5]). Let g (z) be a meromorphic function of order o(g) =a<
+00. Then for any given € > 0, there exists a set E5 C ( o0) that has
finite logarithmic measure such that for all z satisfying |z| =r §é [0,1]U Ej5,
r — 400, we have

(2.7) lg (2)] < exp {7"”5} )

Combining Lemma 2.7 and applying it to 1/g (z), we obtain the following
lemma.

Lemma 2.8. Let g (z) be a meromorphic function of order o (g) = a < +00.
Then for any given € > 0, there exists a set Eg C (1,+00) that has finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Eg, 7 —
400, we have

(2.8) exp {—r®"*} <g(2)| < exp {r*te}.

To avoid some problems caused by the exceptional set, we recall the fol-
lowing lemmas.

Lemma 2.9 ([12]). Let ¢ : [0,+00) — R and ¢ : [0,400) — R be monotone
non-decreasing functions such that ¢ (r) < (r) for all v ¢ E7UJ0,1], where
E; C (1,400) is a set of of finite logarithmic measure. Let o > 1 be a given
constant. Then there exists an ro = 1o () > 0 such that ¢ (r) < ¢ (ar) for
all m > rg.

Lemma 2.10 ([1]). Let g : [0,+00) — R and h : [0,+00) — R be monotone
non-decreasing functions such that g(r) < h(r) outside of an exceptional
set By C (0,400) of finite linear measure. Then for any A > 1, there exists
r1 > 0 such that g (r) < h (Ar) for all r > ry.
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3. MAIN RESULTS

The main purpose of this paper is to improve and extend Theorem A
for equations of the form (1.6) by using the concept of hyper-order and
considering some coefficient A; (s =0,1,...,n—1). We shall prove the
following results.

Theorem 3.1. Let Ay (2),...,An—1(2), An (2) be entire functions with Ag (z) #
0 and Ay, (2) # 0 such that there exists some integer s (s =0,1,..., n—1)
satisfying

max {7 (4;) (j #9)} < u(A) < 0 (A) = 0 < +oc.

Suppose that there exist a sequence of complex numbers (zx)ycn with

klim zr = 0o and two real numbers a and [ satisfying 0 < B < « such
——400

that for € > 0 sufficiently small, we have

(3.1) |As (z1)] > exp {a|z]" 7}
and
(3.2) |Aj (z)] < exp{Blz]” "} (1 #)

as k — +oo. Then every transcendental meromorphic solution f Z 0 whose
poles are of uniformly bounded multiplicity of the equation (1.6) has an in-
finite order and satisfies oo (f) = 0.

Proof. Set
(3.3) max{o (4;) (J#s)} =A< pu(As) <o(A4s) =0 < +o0.

Let f (#0) be a transcendental meromorphic solution whose poles are of
uniformly bounded multiplicity of (1.6). We set f (z) = g (z) /d(z), where
g () is an entire function and d (z) is the canonical product (or polynomial)
formed with the non-zero poles of f (z). By the fact that the poles of f (z)

can only occur at the zeros of A4, (z), it follows that o (d) = A (d) = A (%) <

A< (As).
First assume that o (f) = p < +00. For j =0,...,n — 1, since

T (7“7 f(j+1)> <oT (r, f(j)) +m (7‘, f;j;?) )

(j+1)
m (r, fj+1> =0 (logr),

we can obtain by using Lemma 2.4 for all »r > R

T (73 f(j+1)> < 9T (r, f(f)> + O (logr)

(3.4) <2(j+2)T(2r, f) + O (logr).
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We can rewrite (1.6) as

) fln=1) flst1)
—A, (2) :An(z)W—|—An_1(z)W_|_...+AS+1(Z>W
(s—1) /
(3.5) +As5-1(2) ff() o A (2) f{) + Ao (2) f{)
By (3.4) and (3.5), we obtain for all r > R
(3.6) T(r,As) <cT(2r,f)+ Y T (r,Aj)+ O (logr),
J#s

where ¢ (> 0) is a constant. By (3.6) and (3.3), we conclude that p (f) >

1 (Ay). By the fact that o (d) = A(d) = A (;) < A < p(A,) and the

inequality 7' (r, f) < T (r,g)+T (r,d)+O (1), it follows that p (g) = pn (f) >
p(As) > A > o(d) and o (g) = o (f) < +00. Hence by Lemma 2.6, there
exists a set Ey C (1,+00) that has finite logarithmic measure such that for

all z satisfying |z| =r ¢ [0,1] U E4 and |g (2)| = M (r, g), we have
f(z)
f9(2)
By Lemma 2.1, there exists a subset Eq C (1, +00) that has finite logarithmic
measure such that for all z satisfying |z| =r ¢ E; U0, 1], we have

(3.7) < 7% (s> 1is an integer).

(3.8) ;EJ; 8 <pU==14) (G =511, n)
and
(3.9) |f;)(§§) < pilp=1+e) (j=1,...,s—1)
We can rewrite (1.6) as
Ap (2) f Ay (2) f0 . Agir (z) f+D
a0 AG O TAGR) O 4.G) JO
LAY MG S e T
As(z) f f® As(2) ffO) 0 As(2) f©)
From (3.1), (3.2) and (3.7)-(3.9), we have
Aj () | | 1Y) () oIS
(3.11) ’Ai(zk) f(s) (25) _exp{(a—ﬂ)|zk|"_5} (j=s+1,...,n),
(3.12)
A; (=) ‘f(j) (1) ‘ /() a0
A @[ F ) [1fO @) | ep{(a=B) ) T
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and
‘ |Zk|25
f&) (z)] — exp{(a—,@) ]zk]0_2}7

where |z;| =71 ¢ [0, 1]UE1UE4 and |g (z)| = M (rk, g). From (3.11)-(3.13),
it follows that

(3.13)

‘Ao 2k)

Ay )| | FD (=)
lim |~ =0 (j=s+1,. ,
koo | Ay (24) ‘ 7 (1) Y )
A )| FD G || S ()
lim J =0(y=1,...,s—1
;Hm‘As ol 70 |70 G| =0V )
and Ao
. o Zk f _
By making ¥ — 400 in relatlon (3 0), we get a contradiction. Hence
o (f) = +0.
From (3.5), it follows that
p - ) ) fn=1) A (s+1)
140 < 140 ) o5 |+ s (]| | o+ L ]| P
fED '] f f
314) + 1o () || |5 o G [ 5 o ) 65

By Lemma 2.2, there exist a constant B > 0 and a set F5 C (1, 400) having
finite logarithmic measure such that for all z satisfying |z| = r ¢ E2 U0, 1],
we have

() (2 4

(3.15) ‘§<S>EZ; < Br(T@2r, )P (j=s+1,...,n),
() (2 .

(3.16) ‘ffjé)) <Br[T@r, )T (j=1,...,s—1).

Hence from (3.1), (3.2), (3.7) and (3.14)-(3.16), it follows that

(317)  exp{alxl""} < Bl T2y, )" exp {8277}
as r — +00, |zx| =1 ¢ [0,1]JUE2UE, and |g (2;)| = M (rg, g). By Lemma
2.9 and (3.17), it follows that o9 (f) > o0 — . Since € > 0 is arbitrary, we

get oo (f) > o.
Now we prove that o3 (f) < 0. We can rewrite (1.6) as

(n)
—A,(2) / =A,-1(2)

f

f(n—l)
/

flst1)
!

Foot Agpr (2)
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(s) (s—1) /
ff ff +-"+A1(Z)'}}—|—Ao(z).

By Lemma 2.5, there exist a set E3 C (1,400) of finite logarithmic measure
such that for all z satisfying |z| =r ¢ F3 and |g (2)| = M (r, g), we have

(3.18)  +A,(2)

+ A3,1 (Z)

f(”)(z)_ Vg(r) ! is an integer
(3.19) o) —( . ) (140(1)) (n>1 is teger) .

By Lemma 2.8, there exists a set Eg C (1, 4+00) that has finite linear measure
such that for all z satisfying |z| =r ¢ [0, 1] U Eg, 7 — 400, we have
(

(3.20) |Aj ()] <exp {r7*°} (j=0,1,....,n—1)
and
(3.21) |Ap, (2)] > exp {—r?t}.

Substituting (3.19) into (3.18), for all z satisfying |z| = r ¢ E3 and |g (2)| =
M (r,g), we have

-4, (“2) o) = 4 ) (“) (1+0(1))

z

vy (r)\ 5 vg (r)\°
peeet A () (22) T aro 44 (22) (o)
(3.22) »
+As1 (2) (”{5”) (1+0(1)+ - +A; (2) (”gz(”) (1+0(1)+40 ().

Hence from (3.20)-(3.22), for all z satisfying |z| = r ¢ [0,1] U E3 U Eg,
r — +oo and |g (z)| = M (r, g), we have

o+e | Yy (r)|" otel | Yg (1) et
exp{—r } = |1+0(1)|§exp{r } = 1+ 0 (1)
o+te Vg (T) o+e€
+- 4 exp {r7t°} ?\1+0(1)|+exp{r }
o+e1 | Yy (r) o
(3.23) <mnexp{rite} |L— I1+o0(1)].
By (3.23) and Lemma 2.9, we get
log 1
(3.24) limsup B 128%() ;4
r—-—400 IOgT‘

Since £ > 0 is arbitrary, by (3.24) and Lemma 2.3, we obtain o3 (g9) < 0.
Hence o2 (f) < o. This and the fact that o2 (f) > o yield o2 (f) = 0. O

Considering the nonhomogeneous linear differential equation, we obtain:
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Theorem 3.2. Let Ay (2),...,An—1(2), Ay (2) with Ag (2) Z 0 and A,, (2) #
0 be entire functions satisfying the hypotheses of Theorem 3.1 and let F' £ 0
be an entire function such that o (F) < p(As) Then every transcendental
meromorphic solution f whose poles are of uniformly bounded multiplicity of
the linear differential equation

(325) Ay ()M 4+ A1) PV AR+ A () f=F

satisfies Ao (f) = o2 (f) = o, with at most one exceptional solution fo of
finite order.

Proof. First we show that (3.25) can possess at most one exceptional so-
lution fp of finite order. In fact, if f* is another solution of finite order of
equation (3.25), then fo— f* is of finite order. But fy— f* is a solution of the
corresponding homogeneous equation (1.6) of (3.25). This contradicts The-
orem 3.1. We assume that f is an infinite order transcendental meromorphic
solution of (3.25) and fi, fo, ..., fn is a solution base of the corresponding
homogeneous equation (1.6) of (3.25). Then f can be expressed in the form

(3.26) f(2)=DB1(2) fi(2) + B2(2) f2(2) + - + B (2) fn (2),

where B; (2),..., By, (%) are suitable meromorphic functions determined by

0
0

By (2) f1(2) + B3 (2) f2(2) + . + By, (2) fn (2)
By (2) f1(2) + B3 (2) f3(2) + . + B, (2) [, (2)

Bl () f" V() + By () f"V (2) 4+ BL(2) £V (2) = F(2).

Since the Wronskian W (f1, f2,..., fn) is a differential polynomial in
f1, fo, ..., fn, with constant coeflicients, it is easy to deduce that

oo (W) <max{oa(fj):j=1,...,n} =0 (4s) = 0.
From (3.27), we have
(3.28) Bl =FG;(f1,for- fa) W (fi. oo fa)™h (G=1,2,...,0),

where G (f1, f2,... fn) are differential polynomials in fi, fa,..., f, with
constant coefficients. Thus
(3.29)

02 (Gj) <max{oa(fj):j=1,....n}=0(4s) =0 (=12,...,n).

By (3.28) and (3.29), we have
(3.30)
o2 (Bj) = 09 (B;) <max{oy(F),0(4s)} =0(4s) (j=1,2,...,n).

Then from (3.26) and (3.30), we get
(331) 02 (f) < maX{O-Q (f]) y 02 (Bj) 1g=12,.. "n} = U(AS) :
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We can rewrite (3.25) as

fo =1 Fls+1)
—As (2) :An(z)ﬁ+An_1(z)w+...+As+l(Z>W
(8—1) / F
(3.32) +As-1 (2) ff(s) + 4 Al (2) f:);) + Ag (2) f{s) _ f((;)

Set
(3.33) max{c(A;) (j#s),0(F)}=7<pn(4s) <o(As) =0 < +o0.

We set f(z) = g(z) /d(z), where g (z) is an entire function and d (z) is the
canonical product (or polynomial) formed with the non-zero poles of f (z).
By the fact that the poles of f(z) can only occur at the zeros of A, (z), it

follows that o (d) = A (d) = A (%) <~y < pu(As). For j=0,...,n—1, since

T (r f) <27 (1, /) +m (T’ f;j(j)l)) ’

m (7‘, %) =0 <long (r,f(j)>> )

we can obtain by using Lemma 2.4 for all » > R

T (T7 f(j+1)> <oT (r, f(j)> +0 (log rT (T, f@)))

(3.34) <2(j+2)T (2 f)+0 <log rT (7‘, fU))) .

We have also for sufficiently large r

0 (logrT (v, f9)) = o (T (r, f9))
which yields

(3.35) 0 (long (r, f(j))) < %T (7‘, fU)) .

By (3.34), (3.35) and Lemma 2.4, we can obtain from (3.32) for sufficiently
large r

(3.36) T (r,As) <T (r,F)+cT (2r, f)+ Y T (r,4;),

J#s
where ¢ (> 0) is a constant. By (3.36) and (3.33), we conclude p(f) >
1 (Ay). By the fact that o (d) = A(d) = A(;) < v < p(Ay) and the
inequality T (r, f) < T (r,g)+T (r,d)+O (1), it follows that u (g) = n (f) >
o(d) and o (g) = o (f) = +00. Hence by Lemma 2.6, there exists a set Ey C

(1,400) that has finite logarithmic measure such that for all z satisfying
|z| =7 ¢ [0,1] U Ey and |g ()| = M (r,g), we have (3.7) holds. By Lemma
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2.2, there exist a constant B > 0 and a set Fy C (1,400) of finite logarithmic
measure such that for all z satisfying |z| = r ¢ Eo U [0, 1], we have (3.15)
and (3.16) hold. From (3.32), it follows that

n) (n—1) (s+1)
vum§mmm§ mnmﬁﬂm+nﬂ&ﬂ@¢%@
|7 ool
o awalff
' [10) fllFe ]

On the other hand, for any given ¢ (0 < 2¢ < o — ), we have for a suffi-
ciently large r

(3.38) |F (2)] < exp{r’"*} and |d(z)| < exp {r’*°}.
Since M (r,g) > 1, it follows from (3.7) and (3.38) that
f(z) |F ||d )| ‘ ‘ 2
(3.39) = < r*Sexp {2r7FE
yeellfere o ey
as |z| = r — 400 and |g(2)] = (T,g). From (3.1), (3.2), (3.7), (3.15),

(3.16) and (3.39), it follows that

exp {a|z|” "} < Bn |z [P [T (2ry, £)]" T exp {8 |27}

(3.40) + \ZHQS exp {2 ]zk]%%}

as k — 400, |zx| = 1 ¢ [0,1] U E2 U Ey and |g (2x)| = M (rk,g). From
(3.40) and Lemma 2.9, we get o9 (f) > o — €. Since € > 0 is arbitrary, it
follows that o9 (f) > 0. This and the fact that oo (f) < o yield o9 (f) = 0.

By (3.25), it is easy to see that if f has a zero zy of order a (> n), then
F must have a zero at zg of order &« — n. Hence

n(3) = (n5) (0 5)
and
(3.41) N <r, }) <nN (r, }) +N (r, ;) .

We can rewrite (3.25) as
(3.42)

(n) (n—1) /
1:1(4mf F A ()] 1+~%%@§+%@0'

[ F f



80 ON THE HYPER ORDER OF SOLUTIONS OF LINEAR DIFFERENTIAL. . .

By (3.42), we have

(3.43) m<r) Zm( f(J>+Zn:mrA)+m<r;_,>+O()

By (3.41) and (3.43), we obtain for |z| = r outside a set E of finite linear
measure

T(r,f)zT(r,l) +0(1)

f

(3.44) <nN (7“, }) + ZT (r,A;) + T (r, F) + O (log (vT (1, f))) -

j=0

For sufficiently large r and any given € > 0, we have

(3.45) O (logr +logT (r, f)) < %T (r, f),
(3.46) ZT r,Aj) < (n+1)rote
and

(3.47) T (r, F) < poF)+e

Thus by (3.44) — (3.47), we have

(3.48) T (r,f) <2nN (r, ch) +2(n+1)r7t + opo(F)+e

where [2| = r ¢ E. Hence for any f with o3 (f) = o, by (3.48) and Lemma
2.10, we have o9 (f) < A2 (f). Therefore, Ay (f) = o2 (f) = 0. O
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